Mahdavi and Kundu (2017) introduced a family for generating univariate distributions called the alpha power transformation. They studied as a special case the properties of the alpha power transformed exponential distribution. We provide some mathematical properties of this distribution and define a four-parameter lifetime model called the alpha power exponentiated Weibull distribution. It generalizes some well-known lifetime models such as the exponentiated exponential, exponentiated Rayleigh, exponentiated Weibull and Weibull distributions. The importance of the new distribution comes from its ability to model monotone and non-monotone failure rate functions, which are quite common in reliability studies. We derive some basic properties of the proposed distribution including quantile and generating functions, moments and order statistics. The maximum likelihood method is used to estimate the model parameters. Simulation results investigate the performance of the estimates. We illustrate the importance of the proposed distribution over the McDonald Weibull, beta Weibull, modified Weibull, transmuted Weibull and exponentiated Weibull distributions by means of two real data sets.
Introduction
Recently, Mahdavi and Kundu (2017) proposed a new class of distributions called the alpha power transformation (APT) family. For an arbitrary parent cumulative distribution function (cdf) G(x), Mahdavi and Kundu (2017) defined the cdf of the APT family (for x ∈ R) by
The probability density function (pdf) corresponding to (1) is
In section 2 and 3, we denote by X ∼ APT(α) a random variable having pdf (2) . Weighted distributions play an important role in statistical distribution theory. Clearly, for α = 1, f AP T (x) is a weighted version of g(x), where the weight function is w(x; α) = α G(x) , namely
where the normalizing constant is M = E [w (X; α)]. Finally, we offer some conclusions in Section 8.
Here, w(x; α) can be increasing or decreasing depending on whether α > 1 or α < 1. A simple interpretation of the APT family, for a non-negative random variable X, is as follows. Suppose a realization x of X enters the investigator's record with probability proportional to w(x; α), say P rob(Recording|X = y) P rob(Recording|X = x) = w(y; α) w(x; α) .
Here, the parameter α represents the recording mechanism. If Y represents the random variable of the investigator's records, then Y has the pdf (2) . Finally, we offer some conclusions in Section 8.
Mahdavi and Kundu (2017) did not provide general mathematical properties of their family. Our aim is to obtain some structural properties of the APT family. We derive very simple linear representations for the pdf and cdf. We obtain explicit expressions for the ordinary and incomplete moments, moment generating function (mgf) and order statistics. Further, we study a new lifetime model, based on the APT family, called the alpha power exponentiated Weibull (APEW) distribution, and derive some of its structural properties. Finally, we offer some conclusions in Section 8.
The rest of the paper is outlined as follows. In Section 2, we provide important characteristics of the APT family. In Section 3, we define the APEW distribution. We obtain some of its mathematical properties in Section 4. In Section 5, we determine the maximum likelihood estimates (MLEs) of the APEW parameters. In Section 6, we investigate the performance of these estimates by means of some simulations. In Section 7, we illustrate the potentiality of the new distribution by using two real data sets. Finally, we offer some conclusions in Section 8. stylefancy
Some APT properties
In this section, we derive some algebraic expansions to determine structural quantities of the APT family. The formulae can be implemented in R, Maple, Mathematica and Matlab packages.
Linear representation
First, we derive a linear representation for the pdf of X. For α > 0, α = 1, equation (2) can be expanded using the power series
Thus, the APT family density can be expressed as
Let h k+1 (x) = (k + 1) g(x) G(x) k be the exponentiated-G (Exp-G) density with power parameter k + 1 (for k ≥ 0). Hence, the APT family density can be written as a linear combination of Exp-G densities, namely
Thus, some structural properties of the APT family can be determined from those of the Exp-G distribution. By integrating (5) , we obtain
where H k+1 (x) is the cdf of the Exp-G family with power parameter k + 1.
Moments
Henceforth, let Y k+1 denote the Exp-G random variable with power parameter k + 1.
The rth moment of X, say µ r = E(X r ), is obtained from equation (5) as
where δ r,k = 1 0 [Q G (u)] r u k du and Q G (u) = G −1 (u) is the baseline quantile function (qf).
Generating function
The mgf M X (t) = E(e t X ) of X can be expressed from (5) as
] u k du can be evaluated numerically from the baseline qf.
Incomplete moments
The main applications of the first incomplete moment are related to the mean deviations and Bonferroni and Lorenz curves, which are useful in several areas. The sth incomplete moment of X, say ϕ s (t), can be written from (5) as
The last integral in (6) denotes the sth incomplete moment of Y k+1 .
The mean deviations of X about the mean, δ 1 = E(|X − µ 1 |), and about the median,
is easily evaluated from (1) and ϕ 1 (t) is the first incomplete moment given by (6) with s = 1. Here, Q(z) = G −1 (log [z (α − 1) + 1] / log α) is the qf of X.
The quantity ϕ 1 (t) follows from (5) as
For a given probability π, the formula for ϕ 1 (t) can be used to construct Bonferroni and Lorenz curves given by B(π) = ϕ 1 (q) /(πµ 1 ) and L(π) = ϕ 1 (q) /µ 1 , respectively, where q = Q(π) is the qf of X evaluated at π.
Order statistics
Let X 1 , · · · , X n be a random sample of size n from the APT distribution and X (1) , · · · , X (n) be the corresponding order statistics. Then, the pdf of the rth order statistic X r:n , say f r:n (x), is
where B(·, ·) is the beta function. Using (1) and (2), we have
Applying the generalized binomial expansion and the power series (3), we obtain
Combining (7) and (8), we can write
where
and h k+1 (x), as before, denotes the the Exp-G density with power parameter k + 1. Thus, the density function of the APT order statistics is a linear combination of Exp-G densities. Based on equation (9), we can obtain some structural properties of X r:n from those Exp-G properties.
The APEW distribution
The Weibull (W) distribution is a popular lifetime distribution in reliability theory. In the last few years, several researchers have developed various extensions and generalized forms of the W distribution to model various types of data. Among these, Mudholkar et al. (1995) and Mudholkar et al. (1996) introduced and studied the exponentiated W (EW) distribution to analyze bathtub failure data by adding an extra shape parameter to the W distribution. The cdf of the EW distribution (for x > 0) is
where λ > 0 is a scale parameter, and β > 0 and θ > 0 are shape parameters.
The pdf corresponding to (10) is
We define the cdf of the APEW model, say F (x) = F AP EW (x), by substituting (10) Pak.j.stat.oper.res. Vol.XV No.III 2019 pp525-545 in equation (1). It is given by (for x > 0)
The APEW pdf follows by inserting (10) and (11) in equation (2) f
Henceforth, we denote by X ∼APEW(α, β, λ, θ) a rv having pdf (13) . The hazard rate function (hrf) of X is random variable
The APEW distribution is a very flexible model having at least fifteen sub-models as those listed in Table 1 . Figure 1 displays plots of the density of X for some parameter values. The plots indicate that the APEW density can be reversed J-shape, left skewed, right skewed, concave down or symmetric. Figure 2 reveals that the hrf of the APEW distribution can accommodate decreasing, increasing, bathtub, unimodal and modified bathtub shapes, and thus it becomes an important model to fit real lifetime data.
APEW properties
As in Section 2, we provide algebraic expansions to determine some structural quantities of the APEW distribution.
Linear representation
We derive a linear representations for the pdf of X. First, we expand (13) when α > 0 (α = 1) using the power series (3). The case α = 1 is discussed by Nadarajah et al. (2013) . We can write
Thus, the APEW density can be expressed as Consider the generalized binomial expansion given by
Using expansion (15) in (14) and after some algebra, the pdf of X reduces to
Hence, the pdf of X can be written as (which also holds when α = 1)
and π (j+1)λ,β (x) is the W density function with scale parameter (j + 1)λ and shape parameter β. Equation (16) indicates that the APEW pdf is a linear combination of W densities. So, several of its structural properties can be determined from those of the W distribution.
Henceforth, let Z be a W random variable with positive shape parameter β and positive scale parameter λ. Then, the pdf of Z is π(z; λ, β, ) = λβz β−1 exp(−λz β ).
The rth ordinary and incomplete moments of Z are µ r,Z = λ −r/β Γ (1 + r/β) and ϕ r,Z (t) = λ −r/β γ 1 + r/β, λt β , respectively, where γ(a, t) = t 0 x a−1 e −x dx is the lower incomplete gamma function.
Quantile and generating functions
First, we obtain the qf of X, say Q(u), by inverting (12) . For α > 0, α = 1, we have
Simulating the APEW random variable is straightforward. If U is a uniform variable on the unit interval (0, 1), then the random variable X = Q(U ) has pdf (13) .
Second, the mgf of Z follows from Nadarajah et al. (2013) as
By expanding exp (t x) and calculating the integral, we obtain
We use the Wright generalized hypergeometric function given by
x n n! .
Then, we can rewrite M Z (t; λ, β) as
Combining the last expression and equation (16), we obtain the mgf of X as
Moments
The sth ordinary moment of X, say µ s , can be expressed from (16) as
The sth incomplete moment of X follows from (16) as
Then, ϕ s (t) has the simple form
Order statistics
Let X 1 , · · · , X n be a random sample of size n from the APEW distribution and X (1) , · · · , X (n) be the order statistics in the sample. Then, the pdf of the rth order statistic X r:n , say f r:n (x). Using the generalized binomial expansion and the power series (3), we obtain
Further, we can write
By using (3) and (15) and after some simplification, we have
Combining the last equation and (7), we obtain
and π (m+1)λ,β (x), as in Section 4.1, denotes the W density function with shape parameter β and scale parameter (m + 1)λ. Thus, the density function of the APEW order statistics is a linear combination of the W densities. Based on equation (18), we can obtain some structural properties of X r:n from those W properties.
Maximum likelihood estimation
The maximum likelihood estimators (MLEs) enjoy desirable properties and can be used for constructing confidence intervals for the model parameters. Further, the normal approximation for these estimators in large samples can be easily handled, either analytically or numerically. Let x 1 , · · · , x n be a random sample from the APEW distribution with unknown parameter vector ϕ = (α, β, λ, θ) T . The log-likelihood function for ϕ, say = (ϕ), is
The log-likelihood (19) can be maximized numerically using the R (optim function), SAS (PROC NLMIXED), Ox program (sub-routine MaxBFGS), among others.
is available from the corresponding author under request. For interval estimation of the model parameters, we require the 4 × 4 observed information matrix J(ϕ) = {J rs } for r, s = α, β, λ, θ. Under standard regularity conditions, the multivariate normal N 4 (0, J( ϕ) −1 ) distribution can be used to construct approximate confidence intervals for the parameters. Here, J( ϕ) is the total observed information matrix evaluated at ϕ.
Simulation study
We now present some simulation results to investigate the behavior of the MLEs in terms of the sample size n. All simulations are performed using the R programming language (R Core Team, 2019). We generate 2, 000 random samples from the APEW distribution using equation (17) with sample sizes n = 250 and n = 750. The true values of the parameters are chosen as: α = (0.65, 1.6, 3), β = (0.7, 1.5, 4), λ = (0.75, 1.7, 5) and θ = (0.8, 1. 8, 6) . For each sample size and each parameter combination, the average of the MLEs and mean square errors (MSEs) are computed. Tables 2  and 3 provide these results thus indicating that the estimators are stable and quite close to the true parameter values for both sample sizes. Furthermore, the mean squared errors decrease when n increases for all cases in agreement with first-order asymptotic theory.
Real data applications
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Concluding remarks
In this paper, we investigate some mathematical properties of the alpha power transformation family (Mahdavi and Kundu, 2017) and propose a new four-parameter model, named the alpha power exponentiated Weibull (APEW) distribution, which extends the well-known exponentiated Weibull distribution pioneered by Mudholkar et al. (1995) . The APEW model is motivated by the wide use of the Weibull distribution in reliability theory and also for the fact that the generalization provides more flexibility to analyze positive real data. We derive explicit expressions for some of its mathematical quantities. We discuss the maximum likelihood estimation of the model parameters and provide some simulation results to assess the performance of the proposed distribution. Two applications to real data illustrate that the new distribution provides consistently better fits than other nested and non-nested models. We hope that the new model will attract wider applications in areas such as engineering, survival and lifetime data, hydrology, economics (income inequality) and others.
